Quantum experiments are observed as probability density functions. We often encounter multi-peaked densities which we model in this paper by a metastable dynamical system. The dynamics can be regarded in a thought experiment where a mouse is in either one of two disjoint traps which possess little outlets. The mouse spends most of its time in one or the other trap, and once in awhile makes its way to the other trap. Hence, a bi-peaked density function. When the experiment is observed -such as a light shone on the traps -the mouse stays in one trap. This measurement process results in a single peaked density that, we prove, can be modelled by the metastable process selecting an extreme density function, which is single peaked.
Introduction
The behavior of quantum systems is governed by the Schrodinger's Wave Equation. The complex-valued solutions of these equations are called wave functions. When squared, the wave equation describes the probability of a quantum particle being found in various locations of the state space. Quantum particles have no fixed location. Their existence is spread probabilistically across the domain of the wave function. However, when a macro measurement is made there is an instantaneous and dramatic change: all random effects vanish and real properties immediately appear. Quantum theory does not explain why and what happens as probability turns into certainty. This transition is called collapse of the wavefunction and the mysterious effect is referred to as the measurement problem.
Figure 1. Probability density function with two narrow peaks
A common way of portraying the measurement problem is to display the probability density function (pdf) of finding a quantum particle. In the quantum case it is a pdf f with two narrow peaks [3, page 31] . When a measurement is made one or other of the two peaks vanishes and the quantum particle is localized to the remaining single peak region of the state space. There are various explanations for this effect: for example, decoherence and continuous spontaneous localization, but neither are completely satisfactory. In this note we will model the measurement problem by using a deterministic metastable system. First, we refer to the following thought experiment: a mouse is moving about in a set A which has a small escape hatch. The mouse spends most of its time in A, but now and again it escapes and makes its way to a set B where it behaves in the same way as in A. To locate the mouse a light is shone on the setup. The process of shining light is a macro measurement; it frightens the mouse and it no longer ventures out of the set it is in at the time of measurement.
In section 2 we describe a general discrete time metastable system that models the above mouse trap experiment. At the outset we assume that a map T satisfies the conditions of [4] that are sufficient for for its deterministic perturbation T ε to be metastable as well as generating the pdf f described above. Note that our starting point is not the wave function ψ but rather the two peaked pdf f which stems from a wave function ψ. We do not attempt to relate T to ψ, although both generate f but in completely different ways.
Let A and B be two disjoint sets of the state space. T is assumed to have an absolutely continuous invariant measure (acim) µ (not ergodic) on A ∪ B. Now we assume that there are two mutually singular ergodic acims µ A and µ B , on A and B, respectively, where µ A and µ B have probability density functions (pdf) f A and f B . Rather than refer back to the wave functions that generate these pdfs, we construct a piecewise smooth expanding map T that has invariant densities f A and f B .To model the motion of a quantum particle which, like the mouse in the thought experiment, can be found in either A or B, we define a metastable map T ε which is an ε determinsitic perturbation of T. T ε causes A and B to forfeit their invariance and creates a single acim µ on A∪B. The measure µ has a pdf f ε which converges to a convex combination of f A and f B as ε → 0. The set of densities D that can be attained by the metastable system depends on the limit of the ratio of hole sizes in A and B and includes all possible convex combinations of f A and f B . We propose that a macro measurement of a quantum system is an extreme event much as shining light in the mouse experiment. In Section 3 this leads us to search for the extreme points of D, which are f A or f B .
Metastable Dynamical System
We assume the map T : A ∪ B
is a piecewise C 2 , uniformly expanding on a partition set C 0 = {c 0,0 < c 1,0 < · · · < c n,0 } which is called a critical set. T has two invariant sets, A and B. The point b = A ∩ B is called a boundary point and the points in H 0 := T −1 ({b}) \ {b} are called infinitesimal holes. The metastable perturbed system T : A ∪ B of T , which is also piecewise C 2 , has partition set
The following properties are assumed:
• (I1) Unique acim on the initial invariant set: (I4b) T has no periodic critical points, except possibly a fixed point at 0 or 1.
• (P1) Unique acim:
for each > 0, T has only one acim µ with density f . • (P2) Boundary condition:
the boundary point does not move, and no holes are created near the boundary. To be precise:
(P2a) if b ∈ C 0 , then necessarily T (b) = b, and we assume further that for all > 0,
and also that b ∈ C for all > 0. Then, we have the following properties: T has only one ergodic acim µ on A ∪ B with pdf f . We have two holes exists. Then
Extreme Metastable Systems
The extreme values of all l.h.r are 0 and ∞. Hence the extreme points of the set of densities {f ε : ε 0} occur if 1) l.h.r. = 0, then f ε → f B in L 1 as ε → 0 or if l.h.r. = ∞, then f ε → f A in L 1 as ε → 0. Thus, f A and f B are the extreme points of {f ε : ε 0} .and correspond to what happens once a measurement of a quantum system is made.
We have modeled the act of measurement by an extreme state for the metastable system and have shown that this forces the system to display either f A od f B . The macro measurement effectively shuts the escape holes. The measurement process has caused a collapse of the wave function: a two peaked density function has become a one peaked density, depending on which almost invariant set the mouse was in at the time the measurement was taken.
Construction of the map T
In this section we construct an example of a metastable map satisfying the conditions of Section 2 and preserving a density which is a rough approximation of the density f of Figure 1 . A specific example is presented at the end of the section.
We start by constructing a map g : B → B, B = [0, 1], preserving a piecewise constant approximation of an arbitrary pdf f 0 . Let P = {I i } N i=1 be a partition of
is a piecewise constant approximation of f 0 . Let us choose 0 < β i < 1 and set
The matrix M is row-stochastic and the vector v is its left invariant vector. This fact was used in [7] to introduce another method of constructing a piecewise linear map g preserving the pdf f 0a . We use the matrix M = [m i,j ] 1≤i,j≤N to define g which transforms linearly the subinterval of length m ij /N of I i increasingly onto the interval I j if i is odd and decreasingly onto the interval I N −j+1 if i is even. For more details and a general theory of such semi-Markov maps see [5] . We make the construction slightly more complicated than usual to allow the map g to be continuous. Map g is piecewise expanding and piecewise onto so pdf f 0a is the unique g-invariant pdf (for the general theory of piecewise expanding maps see [2] or [6] ). Example 2.
For a specific example we fix N = 10. We consider density f B = f 0,a corresponding to the vector v = 1 80 [0, 1, 2, 3, 4, 60, 4, 3, 2, 1] (Figure 3) . The semi-Markov map g constructed as above is shown in Figure 4 . 
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